Progress in calculating the homotopy groups of spheres has seen two major breakthroughs. The first was Toda's work, culminating in his book [11] in which the EHP sequences of James and Whitehead were used inductively; "composition methods" were used to construct elements and evaluate homomorphisms. The second was the Adams spectral sequence. Each method has advantages and disadvantages. Toda's method has the advantage that unstable homotopy groups are calculated along with stable groups. It has the disadvantage that it applies only to spheres and in particular, naturality under maps between spaces cannot be applied. The Adams method has the advantage that much of the bookkeeping work is accomplished in advance during the calculation of the Ext groups. The disadvantage that it does not calculate unstable groups has been eliminated, for certain nice spaces, by the work of [3] . This work implies that for certain spaces, the unstable homotopy is as accessible as the stable homotopy. It is the purpose of this work to examine how, in certain cases, the methods of Toda can be used for spaces other than spheres. We will begin by summarizing the methods used by Toda. We will discuss the possibility of using these methods for other spectra and work out the example of the Moore space spectrum S 0 ∪ p r e 1 for p > 3.
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2.
The main tool Toda used was the EHP sequence. Localized at 2, this is a long exact sequence for each n ≥ 1
By induction first on the stem σ = r − n and then on n, the determination of π r+1 (S n+1 ) above is done when the other 4 groups are known. Compositions are used, and formulas for P and H on compositions allow one to calculate the groups involved. As an example, we cite the following formulas:
Proposition 2.2 (Barratt-Hilton formula). If α ∈ π r (S n ) and β ∈ π s (S m ) then
We will demonstrate how to calculate the 4 stem with these methods. We first need knowledge of previous stems. 
Now the Hopf map η : S 3 ¹ S 2 induces an isomorphism in homotopy:
when r > 2, so π 6 (S 2 ) Z/4 generated by the composition ηω. The map
generates the kernal of E so P (ι) = 2η. We wish to evaluate
is generated by ν which is not a double suspension. However 2ν = ω is a double suspension so we apply 2.1 c)
since 2ι • ω = ω • 2ι stably by 2.2 and hence on S 3 since π 6 (S
) is a monomorphism. But P (2ν) = 2(ηω) implies that P (ν) = ±ηω since P is a homomorphism. It follows that E(ηω) = 0 and 0
We can define two compositions in π 7 (S 3 ): ωη and ην. We apply 2.1 (a) in the first case to get H(ωη) = H(ω) • η = η 2 and 2.1 (b) in the second case
Thus ωη = ην generates π 7 (S 3 ) and has order 2. Since ν has Hopf invariant 1, the EHP sequence splits when n = 3 and
Z/2 ⊕ Z/2 generated by ωη = ην and νη. By 2.2, on S 5 , ωη = ηω = 0, so in the sequence
P (η) = ωη. Since π 9 (S 5 ) is finite, H = 0 and π 9 (S 5 ) = Z/2 generated by νη. By 2.2, on S 6 νη = ην = ωη = 0, so E π 9 (S 5 ) = 0. Furthermore, π 10 (S 11 ) = 0 so π 10 (S 6 ) = 0 and π n+4 (S n ) = 0 for n ≥ 6. The interested reader will find that the calculation of the 5 stem is just as easy. There is one other useful result which we did not need here.
Using this one can see, for example, that
This method would continue very successfully if the homotopy groups of spheres were finitely generated. They clearly are not and one soon runs out of compositions. As a partial remedy to this Toda defined "secondary compositions", or what are commonly called Toda brackets and proved formulas similar to 2.1 for these operations.
When localized at p > 2, there are two types of EHP sequences. Define S n by the formula
where J m is the m th stage of the James construction. Then the EHP sequences are defined by fibrations:
where H p is the p th James Hopf invariant and H is the Toda-Hopf invariant ( [7] , [11] ). Note that in case p = 2, these both degenerate into a single fibration
and S n = S n . Composition methods have been applied for p > 2 [6] with similar success. Proposition 2.1 generalizes directly while 2.2 requires some consideration. We define a modified suspension σ as follows: if f : S r ¹ S n let us write σ(f ) for the adjoint of E • f : S r ¹ ΩS n+1 . We will write SX = X ∧ S 1 for the classical suspension of X and if f : X ¹ Y , we write Sf : SX ¹ SY for the suspension of f .
Corresponding to Proposition 2.2 (at p = 2) we have
Proof. We consider 3 cases: a) if n = 2k + 1 and m = 2 + 1, the formula holds on S 2k+2 +2 ; since the sus- 
Sι commutes up to homotopy.
Proof. Let K n = S 2n−1 ∪ wn e 2np−2 be the 2np − 2 skeleton of Ω 2 S 2n+1 . According to [7] , [10] , there is a map γ : SK n ¹ S 2n such that Ωγ has a right homotopy inverse. In particular, there is a lifting of g to a map g :
. We now show that
Sι commutes up to homotopy. The Lemma then follows by combining these two diagrams.
be the restriction for the i th James-Hopf invariant for 1 ≤ i ≤ p − 1. Combining, we get a map:
where the last map is the splitting map from the loops on a product to the loops on a wedge. Since ΩH i has order prime to p for 1 < i ≤ p − 1,
Since the adjoint of θ is an equivalence, Sγ factors through S 2n+1 . This factorization can be identified as σ(γ) by applying the inclusion S 2n ¹ ΩS 2n+1 and taking adjoints.
To finish the proof of 2.5, choose a map µ :
2k+2 which is degree 1 in dimension 2k + 2 . Then consider the diagram:
where the lemma is applied in 4 of the 6 triangular regions. If we identify σ t (f ) with 1 ∧ f , we introduce signs (−1) (s−1)(r−2k) and (−1) (r−2k)(2l−1) which combine to give (−1) rs .
3.
The utility of the EHP method applies when what you are studying is not a single space, but a sequence of spaces {X n } together with a suspension homomorphism
, what we are in fact dealing with is a spectrum X = {X n , e n }. The utility of an EHP approach depends on the extent to which one has control over the fiber of e n :
From this point of view, it is clear that one can form two stably equivalent spectra {X n , x n } {Y n , y n } with the spaces X n and Y n vastly different. We think of the sequence of spaces {X n } as an unstable development of the spectrum X. We seek a favorable unstable development of X. Ideally, one might seek an unstable development in which F n = Ω k(n) X (n) for some functions k(n), (n). This is explored in [9] and it appears formally that the spectra V (m) of Smith and Toda are good candidates for this. In particular, V (−1) = S 0 and V (0) = S 0 ∪ p e 1 for p > 2. Considerable attention to this spectrum and the related spectra S 0 ∪ p r e 1 will be deferred to section 4.
To apply "composition methods," unstable classes need to be composed. This suggests a ring structure in π S * (X) which is associative (composition is associative) and commutative (if we wish to have a Barratt-Hilton formula). Thus one might begin by considering a homotopy associative homotopy commutative ring spectrum X. For Toda brackets we may need to consider higher homotopies of associativity ahnd commutativity. However, in order to have a successful unstable composition theory it is first necessary to develop a stable composition theory. To do this we will find certain self maps of a ring spectrum X which correspond to elements in the stable homotopy of X in such a way that the product in π * X corresponds to composition.
Suppose now that X is a ring spectrum. Using the multiplication X ∧ X µ ¹ X we can think of X as an "X-module spectrum". 
Note that the composition of modular maps is modular. Write Mod r (X) for the group of homotopy classes of right modular maps ρ :
Mod r (X) is a graded ring with unit under composition. Proof. Define F : π S r (X) ¹ Mod r (X) by F (α) = α whereα is the composition:
to check modularity, consider the diagram:
Clearly G • F = Id. To see that F • G = Id, consider the diagram: 
This completes the proof.
Now suppose in addition that X is homotopy commutative. Then by 3.2, composition is graded commutative, i.e.;
4.
In this section we will develop the special case of the Moore space spectrum S 0 ∪ p r e 1 , p > 2. By the results of [9] , this spectrum can be represented as {T m , σ n }, where T 2n = S 2n+1 {p r }, the fiber of the degree p r map on S 2n+1 and T 2n−1 is a space constructed by Anick [1] and developed further in [2] and [12] . T 2n−1 is the total space in a fibration
where the connecting map Ω 2 S 2n+1 ¹ S 2n−1 has degree p r . We will write T n (p r ) when we wish to keep the exponent in mind. There are EHP fibrations:
The spaces T m are a homotopically simple unstable representation of the Moore space spectrum and we seek an unstable version of modularity. To do this we need to find a functorial extension of a map S m α ¹ T n to a "modular map"
This is accomplished in 2 steps: a) extend α to a map P m = S m ∪ p r e m+1 α ¹ T n so that it is "modular" in the appropriate sense. b) extend α to α so that it is an H map.
The idea behind point a) is to use the fact that p r π * (T n ) = 0 to define an extension. This has some technical complexity. Part b) is easily obtained from Proof. The case n even was worked out in [9] and the existence but not the uniqueness when n is odd appear in [2] . The uniqueness and H property in case n is odd appears in [12] .
Proposition 4.2.
Given an H map φ : T m ¹ T n , there is a unique H map σφ: T m+1 ¹ T n+1 such that the diagram:
is homotopy commutative. * Note that it is an open conjecture [8] that BWn = ΩT 2np−1 (p) making these sequences formally similar to those in section 2.
Proof. There is a unique H extension of the composite:
to an H map σ(φ): T m+1 ¹ T n+1 . It then follows that the diagram in question commutes when restricted to P r . Since all maps are H maps, it commutes to homotopy by 4.1 b). which is adjoint to the evaluation map. e is an H map in the second variable. In particular we can then extend
so that e is an H map in two variables, and
commutes up to homotopy, and similarly in the other variable.
In order to define modularity, we require the following.
Lemma 4.5. There is a map : P 1 ∧ ΩT n ¹ T n so that the diagram:
commutes up to homotopy.
Proof. Since the identity map of T n has order p, there is a lifting T n ¹ T n {p} where T n {p} is the fiber of the p th power map:
. . .
However ΩT n {p} is homotopy equivalent to the fiber of the map ΩT n ¹ ΩT n induced by the degree p map on S 1 ; i.e., ΩT n {p} T P1 n as H spaces. It follows that there is an H map : ΩT n ¹ T P1 n with the composite
ΩT n homotopic to the identity. Furthermore, the restriction
is an H map and hence is the adjoint to µ : P 1 ∧ T n−1 ¹ T n . Taking adjoints yields the lemma.
Our next step is to define, for each homotopy class α ∈ π r (T n ) an H map T r α ¹ T n extending α. It suffices to construct a map P r ¹ T n and this is accomplished as the composition:
α is then the unique H extension. Consequently we have defined a homomorphism
Clearly we have a left inverse
by restriction. We wish to determine the image of F as the maps which are in some sense "modular." We will call a map φ k-modular if the diagram:
commutes. Clearly φ is k-modular iff the composition d k (φ):
Strong Conjecture 4.6. There is a choice of so that the diagram:
Proposition 4.7. The strong conjecture implies that α is k-modular for each k ≥ 1.
Proof. We prove that α is 1-modular by factoring d 1 ( α)
we see that the strong conjecture implies the Weak Conjecture 4.8. There is a choice of so that the diagram:
σ commutes up to homotopy.
Proposition 4.9. The weak conjecture implies that α is modular for each k ≥ 2.
Proof. We factor d 2 ( α):
We call φ 0-modular if the composition d 0 (φ):
is null homotopic. It is easy to see that the weak conjecture implies that if φ is 0-modular, it is 1-modular and that if φ is 0-modular and G(φ) = * then φ ∼ * . If can be chosen so that α is 0-modular, there is then an isomorphism between the 0-modular H maps T r ¹ T n and π r (T n ). An even more complicated conjecture about will imply that α is always 0-modular. We will not pursue this line.
Proposition 4.10. The weak conjecture holds when n is even.
Proof. In this case we have an H-fibration sequence:
we will prove that such an exists by showing that the composition
is null homotopic. We begin by considering the diagram:
since both compositions are H maps of the second variable, they are homotopic iff they are homotopic when restricted to P 1 ∧ P 2n . This is clear. We now form a diagram which contains the loops on this diagram:
However the composition ΩS
4n+3 is a fibration sequence [8] . This completes the proof. 
Proof. Exactly as in the case of spheres, we have (α ∧ 1)
. Now we also have:
for each k, while:
It follows that the indicated equation holds when preceded by µ : T r ∧ T s ¹ T r+s . However, the inclusion of P r+s into T r+s factors through µ, so the equation holds when restricted to P r+s . Since both composites are H maps, they are homotopic by the universal property.
Appendix A.
So far we have discussed composition behavior which mimics the behavior of the sphere spectrum localized at 2. Here we will discuss compositions in the sphere spectrum localized at a prime p > 2. Recall that we have:
The fact that half of the spaces in this spectrum are not spheres presents a difficulty in forming compositions. The question we deal with first is this: is there a sensible way of forming a "composite" of maps f : S r ¹ S 2n and g : S
2n
¹ S to obtain a map g * f : S r ¹ S ? If we allow ourselves to suspend once this can be done:
It is remarkable that the case p = 3 is easier than that of larger primes.
Proposition A.1. Suppose p = 3 and X is a space such that ΩX is homotopy commutative in the loop space structure. Then: a) ΩS is homotopy commutative in the loop space structure.
¹ X extends to a map
¹ X are any two extensions of g, Ω g ∼ Ωg.
d) The diagram:
commutes up to homotopy. Proof. a) is well known if is odd and is proven in [7] in case is even. b) is due to Hua Feng [5] . It follows since when p = 3, S 2k = S 2k ∪ e 4k where the attaching map is the Whitehead product. The obstruction to defining g is thus the composition S is the adjoint of the inclusion. Since ΩX is homotopy commutative, (g ∨ δ)(γ ∨ 1) extends over SK n ×S 4n , as this space is the mapping cone of a Whitehead product. It follows that the composite along the top is null-homotopic. But since Ωγ has a right homotopy inverse, the composite:
is null-homotopic. Since the right hand sequence is a fibration, we get an extension:
and Γ must be Ωg × Ωδ. Fitting these diagrams together, we get
Hence Ω g = Ωg + Ω(δ) • Ωπ. But by [8, Proposition 7] Ωπ ∼ * so Ω g ∼ Ωg. Finally, to prove d) observe both composites:
¹ X ¹ ΩΣX, so we may apply c) replacing X by ΩΣX.
the composite ΩSX
